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The analytical functional form of the He-Cl 2 (X) potential energy surface (PES) was obtained by fitting the ab initio data provided by Cybulski and Holt [1] at six equidistant angular values θ i . Briefly, we employed a Legendre polynomial expansion in θ and a fitting to Morse-var der Waals functions in R [2] with the Cl-Cl internuclear distance r fixed to its equilibrium value. This fitting procedure gives a relative error of ∼ 0.01% around the global minimum, increasing up to ∼ 0.5% at the repulsive regions. Explicitly, the Legendre polynomial expansion can be written as:
He−Cl2 (R, θ; r e ) = V λ (R; r e )P 2λ (cos θ)
where the V λ (R; r e ) coefficients were obtained by applying the collocation method. 
was fitted to the ab initio data. The different parameters D i , R ei , c 8i , and c 6i were obtained using a nonlinear square fitting procedure. The resulting values are given in Table 1 . Hereafter, the coefficients V λ (R; r e ) were obtained by solving Eq. 1. Explicitly, V λ (R; r e ) = P(θ) −1 V ′ He−Cl2 (R, θ; r e ) λ λ = {0, 1, · · · , 5}.
The differences between the ab initio energies and those provided by the fitting procedure are displayed in Table 2 .
Additional details of the FCI Nuclear Orbital calculations
The analytic potential derived by Aziz and Slaman [3] was employed to account for the He-He interaction. The helium dimer potential published very recently by Cenket et al. [4] is more accurate. It was obtained from very accurate BO calculations, that includes non-BO adiabatic and relativistic corrections as well as quantum electrodynamic effects. The differences between both He-He potentials (about 0.02 cm −1 at the minimun) influence very little the energies for cluster sizes in which the He-dopant interaction dominates. This is our case, with the He-Cl 2 potential wells being about six times deeper than the He-He potential well (about −7.6 cm −1 ). Using both He-He potentials, the the ground-state energies of ( respectively, below 0.05% of the total energies. Contrarily, the energy of the 4 He dimer bound state calculated with the potential by Aziz and Slaman is about 20% higher than the best estimate by Cenket et al. [4] . The FCI-NO energies of ground-and excited states (up to 40 states) were obtained by setting l max = m max = 9 (8) and n = 4 for 4 He ( 3 He), with up to 170 million of CSFs and 400 one-particle basis functions [5] . 3 Vibro-rotational Raman spectra within the linear rotor approximation for the diatomic dopant
The FCI-NO states were labeled following the conventional notation of electronic states for diatomic molecules, n 2S+1 Λ
(g/u) , with Λ and S being, respectively, the projection of the total He orbital angular momenta L = N l k on the molecular axis, and the spin angular momentum quantum number. Within the linear rotor approximation for the diatomic dopant, the effective cluster Hamiltonian reads,Ĥ eff =Ĥ + B v j, 2 with j and B v being the diatomic rotational angular momentum and the rotational constant in the vibrational level |v , respectively. For a total angular momentum J=j+L+S with a projection onto the body-fixed (BF) Z-axis Ω = Λ + Σ (Σ being the projection of S on Z), the vibro-rotational (Hund's case a) basis functions can be written as,
where |J, Ω, M are Wigner rotation matrices depending on the r polar components in the space-fixed (SF) frame. The diagonal matrix elements of the cluster Hamiltonian read,
where ǫ v is the energy of the diatomic in the vibrational level |v and
Since L 2 is a two-particle property (the orbital angular momenta of the helium atoms are coupled), a wave-functionbased method is needed to obtain it, or at least, approaches capable of providing the second-order reduced density matrix. Explicitly,
with Γ and γ as the second-and first-order reduced density matrices in the chosen one-particle basis set, L ij and L 2 ij being, respectively, the matrix representations of the total He angular momentum operator and its square on that basis. The adopted treatment simplifies the adiabatic approach for the diatomic stretch mode. It is justified if the r-dependence of both FCI-NO energies and L 2 expectation values are negligible as compared to that of the diatomic potential in the relevant range of internuclear distances for the considered vibrational transition. Otherwise, a modified dopant Schrödinger equation ĥeff − ǫ JSΛΣv |v JSΛΣ should be solved for the different FCI-NO states, and associated (Σ, Λ) pair of quantum numbers, at each J value [6, 7] 
with m and U (r) being the diatomic mass and the internuclear potential, respectively. For transitions between the lowest vibrational levels, the approximation can be considered as appropiate. For example, the depth of the molecular bromine potential is modified by only 1% due to the r-dependence of the ground-state energy corresponding to four helium atoms around the dopant.
The main approximations involved in the applied QC-like approach are therefore: (1) the pair-wise approach for the global potential energy surface; (2) the linear rotor approximation for the diatomic dopant; (3) the decoupling of the diatomic rotation from the He motion. The validity of the pair-wise approach has been assessed by ab-initio calculations on complexes with up to four 4 He atoms [8] . The approximation of decoupling the molecular rotation has also been tested for heavy as well as light host molecules and two 4 He atoms [9, 10] . As discussed below, the current version of the FCI-NO implementation allows to incorporate the Coriolis non-adiabatic couplings between ground and excited states.
The inclusion of Coriolis couplings makes the diatomic rotational term,
2 , no longer diagonal in the Hund's case a basis. Explicitly, using the auxiliary function,
, the off-diagonal Hamiltonian matrix elements between the vibro-(spin)rotational levels |I and |I ′ can be written as,
if ∆Λ(≡ Λ I ′ − Λ I ) = −∆Σ = ±1 and ∆S = ∆Ω = 0.
if ∆Λ = ∆Ω = ±1 and ∆Σ = ∆S = 0.
if ∆Σ = ∆Ω = ±1 and ∆Λ = ∆S = 0. Further symmetry considerations allow to define parity-adapted basis functions. In the BF frame, for the Hund's case (a), the parity-adapted vibro-(spin)rotational basis can be expressed as [11] ,
where the p ± blocks have parity ±(−1) J−S+σ , with σ = 1 for Σ − helium states and σ = 0 otherwise.
Spectral line positions and intensities.
The incident ligth is assumed to be linearly polarized and propagating along the space-fixed (SF) y ′ axis, with the scattered ligth detected along the SF x ′ axis. A Boltzmann distribution of the solvent states at a given temperature is assumed within the chosen temperature range [0.07 − 1.0 K]. The expression for the intensity of the spectral lines is (see also the main text),
where i (f ) is a collective index denoting the quantum numbers of the initial (final) state. The transition induced dipole matrix elements f |µ 0 |i can be expressed in terms of the spherical α f,i and the anisotropic β f,i polarizability components of the diatomic [12] as,
where c
Ω are the weights of a given Ω value in the initial and final states. According to the adopted definition for the intensity, it can be demonstrated that for ∆J = 0 and integer J values, only transitions between spin-rotational states with the same parity (p ± → p ± ) are allowed while the opposite holds true for half-integer J values.
Broadening of the spectral lines: Vibrational Predissociation
In order to account for the broadening of the spectral lines, the same approach as in Ref. 2 was adopted. Between the relaxation processes that can contribute to the broadening, we consider the mechanism of vibrational predissociation (VP). Once the dopant molecule has reached the vibrational excited state, as a consequence of its interaction with the radiation, the energy excess can flow from the dopant to some of the weak He-dopant bonds causing its breaking. Schematically,
Within the framework of the adiabatic angular approach proposed by Beswick and Delgado-Barrio [13] , the θ-dependent VP widths for the 3,4 He@Cl 2 (X, ν f , n f ) triatomic species are first estimated, 3,4 Γ ν←ν f (θ). To this end, we used the the (analytical) three-dimensional (3D) He-Cl 2 PES reported by Takayanagi et al. [14] (see Fig. 1 ). We notice that 3D PESs depending on the dopant internuclear distance (r) are necessary to carry out the VP calculations. On the other hand, the fitting procedure described in the previous section provides a two-dimensional analytical functional form of the PES upon fixing r to the equilibrium value (r = r e ). This is the reason why we used the 3D PES to account for the VP mechanism. Our fitting procedure provides smaller relative errors with respect to the ab initio data [1] at r = r e . When different r values were considered, however, the r-dependence of the 3D PES was better represented by the analytical functional form reported by Takayanagi et al. [14] .
The calculated VP widths are represented in Fig. 1 . As apparent from the right-hand panel of this figure, the maxima of the θ-dependent VP widths correspond to the He-Cl 2 (X) complex at a linear configuration. In fact, the vibrational couplings exhibit a markedly orientational dependence, with the main contribution coming from nearly collinear configurations. In its turn, this is due to the stronger r-dependence of the PES at θ = 0
• . This has been found for other weakly bound complexes using an ab initio PES to characterize the interaction [15] . As the next step, the angular distributions 3,4 D T,L (θ) of a helium atom around the dopant are calculated for the lowest-energy states with the density either at a T-shaped arrangement (T) or at the ends of the dopant (L). The energies of these single-particle states are tabulated in Table 3 (the 1 σ g and 2 σ g orbitals). An average of the triatomic VP width is then obtained for both orbitals and helium isotopes. In the present case,
The numerical values of the VP widths for the 4 He-Cl 2 (X) complex are,
and for the 3 He-Cl 2 (X) complex,
An estimation of the VP width associated to the N -sized complex at each final state (f ) is obtained as the mean value,
where N r is the approximate number of helium atoms on the equatorial belt around the dopant for the complex [5] . Finally, by dressing with Lorentzian functions the stick lines of different intensities (see the main text), and summing over all transitions, a continuum profile for the vibro-rotational Raman signal is obtained: Values for the total angular momentum J ≤ 10 were included in the spectra simulations to achieve convergence at the chosen temperature range [0.07 − 1.0 K]. The Cl 2 (X) interaction was characterized by a Morse function [16] . Using this potential, values of 0.240 and 0.239 cm −1 were obtained for the diatomic rotational constant B v in the vibrational states v = 0 and 1. The necessary polarizabilities of the dopant, assumed to be unchanged by complexation, were taken from the work carried out by Maroulis [17] . As mentioned in the previous section, the angular dependent VP rates for the ( 3,4 He)-Cl 2 (X) complex were obtained by using the three-dimensional ab initio He-dopant potential from [14] . The calculated spectra (see The left panel of Fig. 3 shows the low-resolution spectra of the ( 4 He) 3 -Cl 2 cluster as well as an enlarged view of the more intense Q-branch (∆J = 0). The right-hand panel of this figure, depicts the spinrotational levels obtained without including the Coriolis couplings (highlighted in red), and adding them (highlighted in black), as well as the correlation between both sets of energy levels.
For spinless 4 He atoms (S = 0), the only possible Coriolis term stem from the −B v (J + L − +L − J + ) operator, (referred to as the L-decoupling operator), causing the mixing between states that differ by ∆Λ = ±1. We can notice in Fig. 3 that the energy and relative positions of the rotational levels are almost unperturbed by these couplings. Thus, the mixing percentage is smaller than 4% at J ≤ 10. As can be seen in Table 8 from the supplementary material † , the expectation values L ± are with only one exception, below 0.1. As already mentioned in [5] for N = 4, the largest values ( L ± ≥ 0.05 a.u.) involve the exchange of one helium atom between the equatorial ring and the dopant poles. Due to the Σ symmetry of the ground-state for the bosonic wave-function, the excited states with Π symmetry are the most relevant when the Coriolis couplings are accounted for. As discussed in the section 3 of the main text, these excited states are damped down due to the high frequencies of the implied stretching He-He modes when the symmetric condition for the spinless wave-function is imposed (see Fig. 6 of the main text). The small value of the dopant rotational constant (∼ 0.24 cm −1 ), also contributes to render the global value from the Coriolis term
As a result, the dopant spectra in 4 He is unperturbed by the inclusion of Coriolis couplings, indicating the adiabatic following of the dopant rotation by the 4 He atoms. The left panel of Fig. 3 shows the low-resolution spectra as well as an enlarged view of the more intense Q-branch (∆J = 0). It can be observed that excited states implying the vibrational He-He motion (Π states) contribute very little to the spectra. Similar considerations apply to excited states involving the bending Hedopant vibrational mode (states with N r ≤ 3). Still, a rotational band from the 2 1 2 Σ + u state can be identified in the Q-branch (see Fig. 3 ). Notice that the broadening of the stick line associated to the 2 1 2 Σ + u state is larger. In fact, the VP process is much faster for helium atoms located in a collinear configuration, as earlier found for other weakly bound complexes using an ab initio PES with minima located at both T-shaped and collinear arrangements [15] . This results in the enhanced broadening of stick lines corresponding to transitions between states having helium density along the molecular axis such as the 2 
Coriolis coupling effects in the vibro-rotational spectra of the (
3 He) 3 -Cl 2 cluster
In Figure 4 , the vibro-rotational Raman spectra of the ( 3 He) 3 -Cl 2 cluster with and without adding Coriolis couplings are compared. Without including Coriolis couplings, the spectrum is clearly dominated by contributions from spin-rotational levels with J = 1/2, as expected. When the Coriolis effects are included, however, additional branches from spin-rotational levels with J = 3/2 do appear. Additionally, the most intense Q-type peak arises from the ground-state of Σ-symmetry when adding the Coriolis terms, replacing the lowest-energy Π-symmetry state as the most contributing state. At T = 1 K, both Σ and Π-symmetry states cooperate to provide a congested spectrum in which several Q-type peaks are coexisting. Contrarily, the spectrum without adding Coriolis term holds an unique high-intensity Q-type peak. Between the different Coriolis operators acting on fermionic states, the spin-decoupling operator −B v (J + S − + J − S + ) plays the major role. Still, the influence of the L-
is not negligible and much more pronounced than for the 4 He isotope. Similarly to the case with N = 4 [5] the mixing percentage between Σ and Π-symmetry states induced by the L-decoupling operator is one order of magnitude larger than in 4 He. Specifically, it is about 3.6%, 4.2% and 24.6% for J = 1/2, 3/2 and 7/2. No significant differences are found for the Λ ± 1|L
± |Λ values obtained for the 4 He and 3 He isotopes (see Table 8 ). In fact, the main reason for the larger mixing in 3 He is the much lower excitation energy of the Π-symmetry state when compared with the 4 He counterpart. In its turn, this is due to the key role of the spin degree of freedom in making the wave-function antisymmetric, rendering purely rotational states at any Λ value possible (without implying the He-He stretching modes). The energies of these states is about B || eff /N r × Λ 2 or even lower due to additional correlation effects. The two-fold degeneracy of Π-symmetry states also cooperates to make the Boltzmann factors larger, raising their peak intensities [5] . figure) . On the other hand, the triplet X 3 Σ − g state splits into three different vibro-rotational energy levels. As a result, the positions of the spectral lines stemming from those states as a function of J (see Fig. 6 ) exhibit turnaround points from which the J-dependent shift lies in the opposite direction.
Within the linear rotor approximation adopted in this work, the energies of the vibro-rotational levels arising from the singlet 1 Σ + g state exhibit a linear dependence on J(J + 1), with the slope equal to the rotational constant B v (i.e., it is unaffected by the J · S operator). Naturally, the same holds true for the vibro-rotational energy levels of spin-less ( 4 He) N -Cl 2 (X) clusters. Thus, with rotational assignments of the spectra, the rotational constants can be derived by fitting the line positions to:
wherehω 0 is the band origin. Due to the action of the J · S operator, however, the energy dependence of the vibro-(spin)rotational energy levels departs from this simple linear behaviour for ( 4 He) N -Cl 2 (X) clusters with S = 0. Still, it is possible to estimate an effective rotational constant from the quasi-linear dependence at larger values of J(J + 1) (see Fig. 6 ). By fitting the energy values corresponding to the lowest-energy vibro-(spin) rotational energy levels (highlighted with red bullets), effective renormalization of the rotational constants by 0.43B v and 0. This table is an extended  version of Table 1 from our previous letter [5] . 
